In this paper, by using determinants of special matrices, it has been mainly obtained Tribonacci and Tribonacci-Lucas numbers.
Introduction and Preliminaries
For n ≥ 2, the Tribonacci sequence {T n } n∈AE and the Tribonacci-Lucas sequence {K n } n∈AE are defined by the recursive equations:
Also, for n ≥ 2, Tribonacci sequence {B n } n∈AE and the Tribonacci-Lucas sequence {C n } n∈AE with negative indices are defined by the recursive equations: Considering [1] [2] [3] [4] , one can clearly obtain the characteristic equations of (1) 
Hence the Binet formulas
can be thought as solutions of the recursive equations in (1) and (2) . Additionally, it is hold the equalities
Recently, Fibonacci and Lucas numbers have investigated very largely and authors tried to developed and give some directions to mathematical calculations using these type of special numbers. One of these directions goes through to the Tribonacci and the Tribonacci-Lucas numbers. In fact Tribonacci numbers have been firstly defined by Feinberg in 1963 and then some important properties over this numbers have been created by [1] [2] [3] [4] . On the other hand, Tribonacci-Lucas numbers have been investigated by Catalani in [5] . In addition, there exists another mathematical term, namely to be tridiagonal matrix, on Fibonacci and Lucas numbers. As a brief background, the Fibonacci numbers as tridiagonal matrix determinants were present by Strang [7, 8] , and further authors extended results to construct families of tridiagonal matrices whose determinants generate any arbitrary linear subsequence F αk+β or L αk+β , of the Fibonacci and Lucas numbers in another important paper [6] . Also, it is given a new generalization of tridiagonal matrices whose determinants generate Fibonacci and Lucas numbers [9] . Additionally, in [10] , Feng give new proof of the Fibonacci identities by using the method of Laplace expansion to evaluate the determinant tridiagonal matrices.
Proposition 1 [6] Let A (k) be a family of tridiagonal matrices which is form as following
Proposition 2 [5] Tribonacci-Lucas numbers are hold the following equality,
Under these circumstances, the main goal of this paper is to present Tribonacci and Tribonacci-Lucas numbers in the meaning of determinants of special matrices.
The determinants of tridiagonal matrices with Tribonacci numbers
In the following lemma, we reveal the relationship between Tribonacci and Tribonacci-Lucas numbers.
Lemma 3 Tribonacci numbers is satisfied the following equality,
, by using the Binet formula, we have
S .
By considering αβγ = 1, if we rewrite this last equality, then we get
In this section, for Tribonacci numbers, the tridiagonal matrix ⎡
The following main result establishes that the Tribonacci numbers can be obtained as a linear combination of the indices of det (T r,s (n)) .
Theorem 4 Let T r,s (k) be the symmetric tridiagonal family of matrices with
That is,
Proof. Let us use the principle of mathematical induction on k to prove (3). While, for k = 1,
it is easy to see that for k = 2,
As the usual next step of inductions, let us assume that it is true for all positive integers k. That is, det(T r,s (k)) = T kr+s .
Therefore, we have to show that it is true for k + 1. In other words, we need to check det(T r,s (k + 1)) = T (k+1)r+s .
Considering Proposition 1, we have
From Lemma 3, we get det(T r,s (k + 1)) = T (k+1)r+s which ends up the induction and the proof.
Corollary 5 In Theorem 4, if we take r = s = 1, then the matrix becomes
Furthermore, by a different approximation, we can also define the Tribonacci numbers with the determinant of the tridiagonal matrix
For the matrix T 1 (n) in (4), we get det(T 1 (n)) = T n+1 .For example, for n = 1, det(T 1 (1)) = T 2 = 1.
The determinants of tridiagonal matrices with Tribonacci-Lucas numbers
In this section, for Tribonacci-Lucas numbers, the tridiagonal matrix ⎡
The following main result establishes that the Tribonacci-Lucas numbers can be obtained as a linear combination of the indices of det (K r,s (n)) .
Theorem 6 For
where r ∈ Z + , s ∈ N. In addition, we have
Proof. Let us use the principle of mathematical induction on m to prove (5). While, for m = 1,
it is easy to see that for m = 2,
As the usual next step of inductions, let us assume that it is true for all positive integers m. That is,
Therefore, we have to show that it is true for m + 1. In other words, we need to check det(K r,s (m + 1)) = K (m+1)r+s .
From Proposition 2, we get
which ends up the induction and the proof.
Corollary 7
In Theorem 6, if we take r = s = 1, then the matrix becomes
Furthermore, by a different approximation, we can also define the TribonacciLucas numbers with the determinant of the tridiagonal matrix 
For the matrix K 1 (n) in (6), we get det(K 1 (n)) = K n+1 .For example, for n = 1, det(K 1 (1)) = K 2 = 3. Additionally, we can write second special matrix which is form as following Determinant of the matrix is Tribonacci-Lucas numbers K n+1 . That is, det(K 2 (n)) = K n+1 .
